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An Automated Method for Determining the
Flutter Velocity and the Matched Point

Kumar G. Bhatia*
NASA Langley Research Center, Hampton, Va.

A new method is developed for the automated determination of flutter solutions and the matched-
point flutter density. The method employs a Laguerre iteration technique and closed-form analyti-
cal expressions to compute the first and second derivatives of damping with respect to inverse of re-
duced frequency and of flutter velocity with respect to square root of inverse of air density. The
mathematical development of the method is discussed, and the results of applications of the method
to an all-movable control surface and transport-type wing are presented. The efficiency and accura-
cy are compared to the traditional damping-velocity graphical method. The results indicate that the
new technique is accurate and fast and is well suited for use in automated flutter design. The use of
the method in aeroelastic optimization and potential application to thep-fe method are discussed.
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Nomenclature

= A(k) = aerodynamic matrix, see Eq. (1)
= P(AI)
- A/k2 = aerodynamic inertia matrix
= reference chord length
= lowest flutter velocity — airspeed at specified Mach

number and standard atmosphere, see Eq. (14)
= structural damping

= structural stiffness matrix
= reduced frequency cu>/v
= structural inertia matrix
= number of modes
= in verse of reduced frequency
= right-hand eigenvector, see Eq. (1)
= left-hand eignevector, see Eq. (8)

v = velocity
Vf — flutter velocity
X = co2/! + ig - eigenvalue, see Eq. (3)
M =1/X
f = (Po/P)1/2

p = air density
Po = air density at sea level, standard atmosphere
a? = harmonic frequency
Superscripts
R and / = denote real and imaginary parts, respectively
T = denotes a matrix transpose
Subscripts
I and m = denote the mode number

Subscripts following a parenthesis denote derivatives.
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I. Introduction

THE motivation underlying this study was to develop an
automated method for determination of flutter solutions
for use in automated design and aeroelastic optimization.
There is considerable interest and need for developing
techniques for automating as much of the aircraft design
as possible since an automated procedure can both reduce
the cycle .time for each design iteration and reduce the
man-hour level required.1 Furthermore, the increasingly
complex and heavier new structures may impose substan-
tial weight penalties if a careful attempt is not made to
optimize their total weight and performance. In this con-
text, the optimization of complex structures to satisfy
flutter requirements throughout some defined flight enve-
lope has received much attention in the recent past, and
Refs. 2-6 are a partial listing of the published work in this
area. The author's experience has been that one of the
problems in aeroelastic optimization is that the computer
time required to perform the flutter analyses is a significant
(too high) percentage of the total time for the optimization,
and the existing methods are not well suited for automated
design. The traditional flutter solution procedures such as
the ^-method and the p-k method7 require repetitive solu-
tions of a complex eigenvalue problem or a complex de-
terminant for large number of reduced frequencies or ve-
locities. This means that in an automated design process
where the flutter velocity will have to be determined many
times, it may be necessary to solve the complex eigenvalue
problem several hundred or thousand times.

The application of the usual root finding techniques to
speed up the flutter solution procedure is made difficult
by the very nature of the flutter equation. In the fc-meth-
od where the variation of damping is considered with re-
spect to the velocity, the root finding techniques will not
always work because the damping is not necessarily a sin-
gle-valued function of the velocity as illustrated in Fig. la
(e.g., for mode I damping is a triple-valued function at
velocity = Ui). The damping is, however, a single-valued
function of k or l/k. Figure Ib shows an example of the g
versus l/k plot. The lowest flutter velocity will not neces-
sarily correspond to the first crossing in the g versus l/k
plot. This can be easily seen from the definition l/k =
v/cu. Further, it is not possible, in general, to definitely
preserve the identity or the ordering of the flutter eigen-
values at different values of the reduced frequency unless
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Fig. 1 Comparison ofg-v and g- l/k representation.

the reduced frequency is varied in very small increments.
This is illustrated in Fig. Ib which shows that in general
the ordering of the damping by magnitude as obtained
from the flutter solution (i.e., l/k = RFIA and l/k =
RFIs) does not coincide with the ordering of the associ-
ated modes. If an attempt is made to determine the value
of l/k at the first crossing by interpolating between RFlA
and RFIs, several trials will be required. Thus, even when
the variation of the damping is considered with respect to
the inverse of reduced frequency so that the damping is a
single-valued function, the usual root finding techniques
such as marching techniques are not always successful.3
In order to automate and speed up the flutter solution, it
is, therefore, desirable to a) express the damping as a sin-
gle-valued function, and b) to use a root finding technique
which does not require preservation of the ordering of the
flutter eigenvalues.

The method presented in this paper requires only a few
eigensolutions to determine the flutter velocity in an auto-
mated manner. It is of the fc-method type in principle,
and the damping is considered as a function of the inverse
of the reduced frequency. The technique may be simply
outlined as follows: 1) An initial value of the reduced fre-
quency is assumed and the flutter eigenvalue problem
solved. 2) The solution is used in a modified Laguerre ite-
ration to predict a value of l/k corresponding to zero
damping. Laguerre's iteration requires the first two deriv-
atives of the damping with respect to l/k. 3) The eigenva-
lue problem is again solved at the k value obtained from
step 2. 4) Steps 2 and 3 are repeated until the flutter solu-
tion is determined within some specified tolerance. The
development of the analysis is discussed in the main body
of the paper, and some of the mathematical details are
presented in the Appendix. In addition, an extension of
the basic method to the determination of so-called
matched-point density or matched-point flutter condition
(condition at which the flutter velocity, air density, and
Mach number are consistent for the standard atmosphere)
is developed. Results of the application of the method are
also presented and discussed.

II. The New Method

A. Flutter Crossings

The characteristic flutter equation in matrix form is
usually expressed as

[K - u2M - p(v2/c2)A]U = 0

or

PA)-(c2/v2)K]U = 0 (1)
The aerodynamic matrix A obtained from the kernel func-
tion, the doublet lattice or the supersonic Mach box
method is valid only for harmonic motion, and for a fixed
Mach number is a function of k. An artificial structural
damping g is now introduced, and Eq. (1) rewritten as

[(k2M + pA) - (c2/v2)(l + ig)K]U = 0 (2)

Fig. 2 Basic logic of the method.

This is the usual form in which the flutter equation is ex-
pressed in the fc-method. Equation (2) can also be ex-
pressed in the following form which is more convenient for
the purpose of this paper:

[K -A[M+ p(Ai)]]u= o (3)
where

A = u>2/l +
The solution to Eq. (3) consists of eigenvalues \m, m = 1,
NM, and the corresponding eigenvectors Um, m = 1, NM.
A flutter solution is obtained when the imaginary part of
one of the eigenvalues \m is zero which means that gm is
zero.

When the damping is considered as a function of the in-
dependent variable l/k and a search for the roots is made
in the g — 1/k domain, the first root obtained correspond-
ing to the lowest l/k is not necessarily the lowest flutter
velocity root. Therefore, it is necessary to find all the
roots within a selected range of l/k. It will be seen that
this is not much of a disadvantage even when one is inter-
ested only in determining the lowest flutter velocity. Fig-
ure 2 illustrates the basic iterative logic of the new meth-
od for determining a value of l/k corresponding to a flut-
ter crossing. No a priori assumptions are made regarding
the modes which correspond to flutter, or the mode corre-
sponding to the lowest flutter velocity. This is prudent
since it is very difficult to always correctly conjecture the
behavior of flutter modes without much detailed study
and calculations.

A modified Laguerre iteration is used to find the flutter
root (the value of l/k corresponding to zero damping) for
each mode. The basic Laguerre method8 is a powerful,
rapidly converging method for polynomials all of whose
zeros are real and simple; the convergence is of third
order. It also converges for multiple zeros, but the conver-
gence is of first order in the neighborhood of a multiple
zero. Laguerre's formula for finding roots of gm can be
written as

(4)
where n - the number of zeros of gm, RFIm is a predicted
value of l/k for which gm = o

and m is understood to range from 1 to NM.
The convergence is of third order if the sign outside the

square root is the same as the sign of (gm)i/*. It would
appear that a value for n would have to be assumed in Eq.
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(4). However, gm can be regarded as a function of the
coefficients of the aerodynamic matrix A which are them-
selves transcendental functions of k. Thus gm is consid-
ered as a transcendental function of l/k and n is taken to
be infinity! in Eq. (4) yielding

r> 77 j _ _ . om ' ir- \
R?im = k ± {[(gm)t/k? -gm(gm)i k i k I1/2

The modified Laguerre iteration expressed by Eq. (5) has
a third-order convergence if the undetermined sign in the
second term is selected to be the same as the sign of
(gmh/k since the convergence is independent of n, for real
and simple zeros.^ To select the sign for the second term
of Eq. (5), it is apparent that if a positive sign is selected,
then the sign of gm determines if RFIm is greater than or
less than l/k. Since a negative gm means that a root may
exist for a larger l/k and since at that root (gm)i/k would
be positive (Fig. 1), a fixed positive sign is selected, thus

RFIm = ~ H/k J ~
(6)

Equation (6) is used to predict the zero damping roots
and has a third-order convergence to a real and simple
zero.

The use of Laguerre's method requires evaluating the
first and second derivatives of damping. It is desirable to
calculate these derivatives from closed-form analytical ex-
pressions rather than from finite -difference formulas to
avoid considerations of ordering of the eigenvalues in the
flutter equation. The analytical expressions for the damp-
ing derivatives are now derived following the approach of
Refs. 3-5, and then a procedure for implementing Eq. (6)
will be described.

Equation (3) is used as the flutter characteristic equa-
tion and is rewritten as

(7)

where

and Um is the corresponding eigenvector. Note that gm -
Mm7/Mm*. In the following derivation, the associated ei-
genvectors (so-called left-hand eigenvectors) Vm, m = I ,
NM are required. These are obtained from

-±-\M+ p(A/)]l=
r^"m — '

0 (8)

The expressions for the first and second derivatives of /
are derived in the Appendix, and are

1*1

(9)

(10)

where

Since /xm is a complex variable, it can be written as

tThe suggestion for taking n = °° was made to the author by
Robert N. Desmarais of NASA Langley Research Center, Hamp-
ton, Va.

Fig. 3 Block diagram of the logic used for root prediction.

H/k (ID

and

where the superscripts R and L indicate the real and imag-
inary part, respectively. The derivatives of gm can be ex-
pressed in terms of /im and its derivatives by the fol-
lowing:

and

Equations (7-13) allow computation of first and second
derivatives of damping for a given value of l/k or k with-
out recourse to finite-difference approximation, and there-
fore the ordering of eigenvalues of Eq. (7) is not relevant.
It should be noted that it is not possible to derive similar
expressions for damping derivatives with respect to the
velocity for the v-g method since the damping is not a sin-
gle-valued function of the velocity .

When Eq. (6) is implemented to calculate projected
values for the crossings, the argument of the square root
may be negative for some modes. This requires special
consideration and Fig. 3 briefly presents the manner in
which a predicted root from the Laguerre formula is pres-
ently handled. Advantage is taken of the fact that if for a
given l/k, gm is positive then a crossing exists for a small-
er l/k. Equation (6) is the primary formula used to pre-
dict a crossing, but if it predicts a complex zero of gm
(i.e., a complex RFIm) then the sign of gm is checked. If
gm is not positive, an arbitrarily large value is assigned to
RFIm (e.g., RFIm = 1000). If gm and (gm)v* are positive
(e.g., at C in Fig. Ib) then a Newton-Raphson projection
is used; if only gm is positive (e.g., at D in Fig. Ib) then
RFIm can be assigned a positive value less than l/k. The
above precautions are necessary to insure that the pro-
gram proceeds toward the rth root which requires (Fig. 2)
that there should be (r - 1) roots at values of l/k. less
than or equal to the current l/k. It is expected that the
logic corresponding to these precautions will seldom be re-
quired.

B. Matched-Point Density

When Eq. (7) is solved for an assumed air density p, the
flutter velocities obtained, if any, will in general not be
compatible with the airspeed corresponding to the as-
sumed air density and the fixed Mach number for which
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Fig. 4 Variation of damping with velocity for the all-movable
control surface. Fig. 5 Variation of damping with 1 /reduced frequency for the

all-movable control surface.

the aerodynamic matrix A was obtained. Usually, one is
interested in finding the matched-point density at which
the lowest flutter velocity is compatible with the Mach
namber. The procedure developed here is general and can
be used to determine the matched-point density, if it ex-
ists, for a flutter velocity other than the lowest, but the
development will be presented here for the lowest flutter
velocity.

The procedure used for finding the matched-point den-
sity is similar to the one used for determining the flutter
crossings. The flutter velocity is considered as a function
of £ = (p0/p)1/2 where p0 is the sea-level air density and
p is the air density at any altitude. This functional repre-
sentation is adopted to take advantage of the fact that for
many realistic structures the variation of flutter velocity
with £ is almost linear over a large range of £. It should be
noted, however, that the method presented here is not re-
stricted to the linear variation of flutter velocity with £.
The airspeed (speed of sound times Mach number) is a
continuous function of £ but its derivatives with respect to
£ are not continues at the geometric altitudes of 11,100
meters (36,200 ft), 20,000 meters (65,800 ft), and so forth
(U.S. Standard Atmosphere, 1962). A function F is now
defined as

F — F(|) = the lowest flutter velocity - the airspeed

(14)
F is assumed as a continuous function of £ with continu-
ous first two derivatives except at several known values of
£. It is apparent that the zeros of F will yield the matched-
point densities. If Laguerre's formula is used, then a pre-
dicted zero of F, £p, is given by

S6 = S ~~ /T^\ , / r r \ l / 2

(k),]R2

where

H=(n- l){(n - l)ftF){]2 -nF(F)e(} (16)

(F)( = and (F)(( = (92F/3|2)
The sign preceding the square root is taken to be the same
as the sign of (F)^. Since there would usually be no more
than two matched points, n can be assumed to be 2. Thus

2F
Sign[CF)J{[CF){]2 - (17)

Equation (17) requires the first two derivatives of F with
respect to £ which can be obtained from the derivatives of
the flutter velocity and the airspeed. The derivatives of
the airspeed can be easily obtained from representing the
speed of sound by different polynomial functions of £ with
each representation corresponding to a range of £ (or alti-
tude) where the speed of sound is a smooth function. The
expressions for the derivatives of velocity are derived fol-
lowing Refs. 3-5, and the final results are given below

(k), = -11/12 (18a)

( X j e e = R3 + #4 + R5 +

(18b)

(18c)

(19a)

(19b)

where

Rl + ill = ^j-[Vm
T(AI)Um

R2 + 02 =-PVm
T(AI)kUm

—. n . -rk ^ F / ^ \ 19

(20a)

(20b)

(20c)

R4 + H4 =

[Vl
T(AI}Um\[Vm

T(AI}kUl]}

RQ + f/6 = ~PXm[Vm
T(Al)kUm}

(20d)

(20e)

(20f)

An outline of the derivation of the above equations is
included in the Appendix. In Eqs. (18-20), k, Xm, and Vf
correspond to a flutter crossing where gm has been deter-
mined to be zero within a small tolerance, usually of the
order of 10 ~3 or 10~4. The above equations seem formi-
dable, but their evaluation of the computer is quite fast
since most of the triple products and the derivatives of
the aerodynamic inertia matrix can be saved from the
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Fig. 6 Convergence to the first root from different initial
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Matched-point density for the all-movable control sur-

flutter solution program. The iteration defined by Eq. (17)
has a third-order convergence and it is expected that in
most applications it should not take more than two itera-
tions to determine a matched-point density.

III. Applications and Results

The results of application of the new method are pre-
sented in this section. The method has been applied to
two realistic configurations. The first is an all-movable
control surface with a concentrated mass located at the
leading edge of the tip, and the second is a twin-engine jet
transport wing. Subsonic kernel function aerodynamics
are used in both cases. The aerodynamic matrices were
evaluated for a discrete number (40 in both cases) of
values of k. Third-order natural spline was then used to
interpolate the aerodynamic matrices and the first two
derivatives with respect to k at equal increments of l/k.
For the first case, the aerodynamic matrices were interpo-
lated for a l/k range of 1.0 to 20.0 at 0.05 increment, and
for the second case for a l/k range of 0.2 to 5.2 at 0.01 in-
crement. The aerodynamic data are stored in the comput-
er on a random access basis for fast and easy retrieval
during program execution. The l/k increment determines
the convergence tolerance when the Laguerre iteration
searches for a flutter crossing (Fig. 1) since the logical
convergence tolerance on l/k is one-half the l/k incre-
ment at which aerodynamic data are available.

The variations of damping with velocity and with the
inverse of reduced frequency are presented in Figs. 4 and
5, respectively, for the all-movable control surface. Five
modes were used in this problem. Note that there are two
flutter crossings. The data plotted were obtained by solv-
ing the flutter determinant at 381 k values to obtain good
graphical representation; in practice, the flutter solution
by v-g method may be obtained by solving the flutter de-
terminant for a lesser number of k values depending upon
individual judgment. The results of application of the new
method for finding the first flutter crossing (corresponding
to the lowest l/k root) are shown in Fig. 6. The conver-
gence characteristics of the method are shown for three
different initial guesses for l/k. If the initial guess for l/k
is within about -40% to 85% of the value of l/k at the
first crossing, then at most two iterations are required to

8 12 16 20
VELOCITY, v/ REFERENCE VELOCITY

Fig. 8 Variation of damping with velocity for the twin-engine
jet transport wing.

1.6 2.4 3.2 4.0 4.8 5.6

Fig. 9 Variation of damping with 1/reduced frequency for the
twin-engine jet transport wing.

converge to the first crossing. Since the method always
finds the lowest l/k crossing first, the convergence to the
second crossing is independent of the initial guess. For
this example, the second crossing which is at l/k =
11.3534 was found in one additional iteration after the
program converged to the first crossing.

In Fig. 7, the variation of the lowest flutter velocity and
the airspeed at Mach number of 0.6 (standard atmo-
sphere) is shown with respect to the square root of density
ratio £ = (p0/p)1/2- The matched-point density is de-
termined from Fig. 7 to be at £ = 1.215. Using the new
method, an initial guess of £ = 1 was used as the starter.
The program calculated the lowest flutter velocity (at £ =
1), and predicted matched-point density at £ = 1.212. The
relevant airspeed and the lowest flutter velocity at £ =
1.212 were then determined and were found to differ by
0.0065%, and the program converged to the matched point
and terminated. Similar results were obtained for an ini-
tial guess of £ = 1.4.

Figures 8 and 9 show variation of the damping with the
velocity and l/k, respectively, for a twin-engine jet trans-
port wing. Although 10 modes were used in the calcula-
tions, results from some of the modes are not shown be-
cause of the scale selected. The data plotted were ob-
tained by solving the flutter determinant at 501 k values
for the two figures. There are three flutter crossings, and
the new method is used to determine these crossings. The
convergence of the method to the first crossing is graphi-
cally shown in Fig. 10. The excellent convergence of the

FIRST ROOT AT 1/k = 2.2747

V INITIAL GUESS 1, 1/k = 0.65
A INITIAL GUESS 2, 1/k = 1.00
D INITIAL GUESS 3, 1/k = 1.80
O INITIAL GUESS 4, 1/k = 2.70
0 INITIAL GUESS 5, 1/k = 520

INITIAL
GUESS

' -60 -40 -20 0 20 40 60 80 100 120 140
(PREDICTED ROOT - ROOT) x 100/ROOT

Fig. 10 Convergence to the first root from different initial
values of l/k for the twin-engine jet transport wing.



26 K. G. BHATIA J. AIRCRAFT

1.0 1.2 1.4 1.6
,/SEA LEVEL DENSITY/ DENSITY

Fig. 11 Matched-point density for the twin-engine jet trans-
port wing.

method is highlighted by the initial guess for l/k which is
about 130% more than the actual root. For this example,
the method will converge in at most three iterations for
initial guesses of l/k which are about -60% to 130% dif-
ferent from the actual root. The convergence to the second
crossing at l/k = 2.3519 was obtained one additional ite-
ration beyond the first root, and the third crossing at l/k
= 3.0287 in two additional iterations beyond the second
root. The matched point is determined graphically in Fig.
11 at J = 0.847. (Further accuracy could not be obtained
with a graphical solution.) The program was run with the
initial density corresponding to £ = 1, and at the first ite-
ration the matched point was predicted at £ = 0.8479.
Thus the program converged in one iteration with the
lowest flutter velocity and the relevant airspeed differing
by 0.0265%. For an initial (• = 1.837, at the first iteration
the matched point was predicted at £ = 0.8776, and the
program converged at the second iteration to £ = 0.8480
with the lowest flutter velocity and the relevant airspeed
differing by 0.0292%.

It is evident from the results obtained that the method
has good convergence properties, and the convergence to
the zero damping crossings or roots and to the matched-
point density is achieved in a small number of iterations.

The GPU time required on the CDC 6600 computer for
one iteration to obtain a predicted crossing is approxi-
mately 0.145 sec for the 5-mode problem, and 0.945 sec for
the 10-mode problem. In this case one iteration involves
solving the eigenvalue problem twice, calculating the de-
rivatives, and determining the predicted crossings with
the Laguerre formula. The CPU time for calculating a
matched-point prediction is about 0.142 sec for the 5-
mode problem and about 0.274 sec for the 10-mode prob-
lem. Opening of the random access file took 4.866 and
22.378 sec for the 5-mode case and the 10-mode case, re-
spectively. Thus the small number of iterations required,
combined with relatively short CPU time per iteration,
'makes the method very efficient.

IV. Conclusions

The method presented here for the determination of
flutter crossings and the matched-point density is shown
to be efficient and is completely automated. The calcula-
tion of the derivatives of the aerodynamic matrices at dif-
ferent values of the reduced frequency is required in this
method. However, interpolation schemes are presently
employed in most of the unsteady aerodynamics programs
to determine the aerodynamic matrices at large number of
reduced frequencies. The additional calculations required
to generate the first two derivatives of the aerodynamic
matrices with respect to the reduced frequency involve lit-
tle extra time. This extra time is more than compensated
by the shorter computer times required to obtain the flut-
ter solutions and the matched-point density.

In the two examples presented to illustrate the applica-
tion of the new method, all the flutter crossings in a spec-
ified l/k range were determined. It is possible, however,

to only determine any desired crossing(s) in the g — l/k
plane. This feature is of special significance for the auto-
mated flutter design where it might be desired to only de-
termine the crossing corresponding to the lowest flutter
velocity. If it is known from previous analyses that a cer-
tain crossing corresponds to the lowest flutter velocity,
there may not be any need to determine all the crossings.

Preliminary work done indicates that it may be possible
to apply the approach developed here to the p-k method7

of the flutter solution. The resulting savings in the com-
puter time from a successful application of this approach
would be even more substantial for the p-k method than
for the k-method. However, further work is needed to
demonstrate the application to the p-k method.
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Appendix: Expressions for the Derivatives

The expressions for the first two derivatives of the
damping with respect to the inverse of reduced frequency
and of the flutter velocity with respect to the square root
of density ratio are derived. The derivation is similar to
Refs. 3-5, and the interconnecting steps in the following
derivation are kept to the minimum. The basic flutter
equations can be expressed as

[K-\m[M+ p(AI)]]Um=Q (Al)

Vm
T[K - \m[M = 0 (A2)

The eigenvectors are normalized such that

and

Vn
T\M+p(AJ)]Um=l

Differentiating Eq. (Al) with respect to k and premulti-
plying it by Vm

T yields by virtue of Eq. (A2)
(xJk=-Xm(Vm

T(AF)kUm] (A3)
where AF = p(AI), and the subscript after the parentheses
denotes partial derivative of variable in the parentheses
with respect to the variable appearing as the subscript,
thus

8Xm

dk
etc

From Eq. (A3) one can derive
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(A4)

where /im
 = I/Am. To derive an expression for the second

derivative of Xm with respect to k, (\m)kk, the procedure
developed in Ref. 5 is followed and the following result
obtained

A »g IV^AF^UttV^AF)^}
m& (x m -x , )

+ JL|Y> > 12+ >. LVA m , J fe J
A777

The second derivative of n,
k, is expressed as

X JVm
T(AF)kkU J (A5)

with respect to l/k,

[(Mji /J 2 ~fcV2(Ajfefe

(A6)

Substituting (Am)** from Eq. (A5) in Eq. (A6) yields after
some simplification

(A7)

Since density is held constant, Eqs. (A4) and (A7) can be
written as

(A8)

NM

'' 1=1
(A9)

To find the derivatives of the flutter velocity with re-
spect to £ = (p0/p)1/2, first (Am) £ and (Am) £ are ob-
tained in exactly the same manner as Eqs. (A3) and (A5).
Thus

rJ (A10)

OU«= A,

Since

and

1=1
I* 777

AF = p(A/),

e = -(2p/|)(A7) +

(All)

(A12)

^ )ee (A13)

After substituting (AF)g in Eq. (A10) and (AF)$ and
(AF)££ in Eq. (All), the imaginary parts in these two
equations are set to zero yielding formulas for (k)t and
(k)& expressed by Eqs. (18a) and (19a). This leads di-
rectly to Eqs. (18b) and (19b) for (Am)% and (Xm)&, re-
spectively. The expressions for (vf)% and (Vf)g are ob-
tained by differentiating Vf = c (Am/&)1/2.


